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ABSTRACT: We construct BRST invariant solitonic states in the OSp invariant string field
theory for closed bosonic strings. Our construction is a generalization of the one given in
the noncritical case. These states are made by using the boundary states for D-branes, and
can be regarded as states in which D-branes or ghost D-branes are excited. We calculate
the vacuum amplitude in the presence of solitons perturbatively and show that the cylinder
amplitude for the D-brane is reproduced. The results imply that these are states with even

number of D-branes or ghost D-branes.
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1. Introduction

D-branes have been studied for many years and used to reveal nonperturbative aspects of
string theory. They are considered to be solitons in string theory. From the viewpoint of
open string theory, (for example, in the vacuum string field theory [fl]), D-branes emerge
as soliton-like solutions of the equation of motion.

The question we would like to address in this paper is “what are D-branes in closed
string field theory?”. Although several attempts have been made [}, fj], D-branes have not
been studied so much in the context of closed string field theories.

Actually, a fairly clear answer to the above question is given for noncritical strings.
D-branes in noncritical string theories can be defined as in the critical ones [{]. In ref. [,
Fukuma and Yahikozawa showed that the D-branes can be realized as solitonic operators
which commute with the Virasoro and W constraints [f] for the noncritical string theories.
In ref. [, it was shown that how such solitonic operators are realized in the string field
theory of noncritical strings presented in ref. [§]. States in which D-branes are excited can
be made by acting these solitonic operators on the vacuum.



What we would like to do in this paper is to construct such states in a critical bosonic
string field theory. Since the string field Hamiltonian given in ref. [§] consists of the joining-
splitting interactions, it seems possible to generalize the construction of the operators given
in ref. to the string field theories with the light-cone gauge type interactions. In this
paper, we take the OSp invariant string field theory [f] as such a theory. The OSp invariant
string field theory is a covariantized version of the light-cone gauge string field theory [[L{]
and it was proved that the S-matrix elements coincide with those of the light-cone gauge
one [L].

What we will do is to construct solitonic operators made from the creation and anni-
hilation operators of second-quantized strings. In order to deal with D-branes, we consider
the closed strings whose wave functions are proportional to the boundary states. Such
states were shown [[[J to satisfy the idempotency equations. Because of these relations, we
expect that three string vertices for such strings look quite like the ones which appear in
the noncritical string field theory in ref. [§]. We will show that we can construct solitonic
operators using such states. These operators can be considered as creation operators of
D-branes ! (or ghost D-branes recently proposed in ref. [4]). Acting them on the vacuum,
we obtain BRST invariant states, which can be regarded as states in which D-branes are
excited. We calculate the vacuum amplitude and show that these operators create two
D-branes.

The organization of this paper is as follows. In section |, we will briefly explain the
construction of the solitonic operators [[] in the string field theory of noncritical strings [g].
In section f], we will review the OSp invariant string field theory [, [[1]. In section §}, we
will define the boundary states and the creation and annihilation operators for the strings
whose wave functions are proportional to such states, in the OSp invariant string field
theory. In section [, we will construct solitonic operators using the operators defined in
section [l, following the construction in the noncritical case. Regarding them as the creation
operators for D-branes, we can get BRST invariant states in which D-branes are excited.
We compute the vacuum amplitude and find that the operators we construct create two
D-branes or ghost D-branes. Section [j will be devoted to discussions. In the appendices, we
present the details of the calculations to derive the BRST transformations for component
fields of the string field which are proportional to the boundary states.

2. D-branes in noncritical string field theory

Noncritical strings can be described by the string field theory constructed in [§] and its
generalizations. For simplicity, let us consider the ¢ = 0 case.? In this case, the only
reparametrization invariant quantity which can specify the state of a closed string is its
length [. Therefore we define the creation and annihilation operators (1), () of the
string with length [ which satisfy

(), v ) =68 -1). (2.1)

In a recent paper[B], the author speculated about such operators from a quite different point of view.

2In this paper, we will follow the conventions of [ﬂ] which are different from those of [E]



The correlation functions can be calculated using the stochastic Hamiltonian
H = /OOO dly /OOO dly(ly + I2)¥T (I + 12)p ()Y (1)
+g2 /OOO dly /OOO dloli Lo (1) (L) (Il + I2)
+ [ awwsto
- / h dipt () (AT(1) + p(1)) , (2.2)

0

where
! o)
T0) = [y -1+ gt [ arieui ),
0 0

(1) = 38" (1) — 2pd(0) (2.3)

The processes which the first two terms in the Hamiltonian represent are exactly the
joining-splitting interactions. The third term corresponds to a tadpole term in which only
strings with vanishing length are involved. Here g; denotes the string coupling constant
and p denotes the cosmological constant on the worldsheet.

In this formulation, the Virasoro constraint for ¢ = 0 string theory can be written as

T)|T) =0, (2.4)

where |U) is a state which can be expressed by using the correlation functions. Solitonic
operators corresponding to D-branes can be constructed as operators which commute with
T(1) [H]. If such operators exist, by acting them on |¥) which is a solution of eq. (R.4), one
can generate other solutions.

From the commutation relations

[gig /O S AT (1), ﬁw(z)] _ —i OOO ATeyb(l + 1) |
i > el / } _ : rer ! Nanter !
= [T aranr) 0| = o [arva-nansta-n
2 o / / / /
+;/0 di'(L+1)e(l 4 1)p(l') (2.5)
it is straightforward to show that
~ o * et e (2 [T )
V@) = e (o0 [ e i) exn (-2 [T Fetu) (2:6)
satisfies | e
& [T arranm) v = e @aavio) (2.7
gs Jo
where -
&¢) = / dle=le(l) . (2.8)
0



Therefore [ d¢V(¢) commutes with T'() if the limits of the integral are chosen appropriately.
In perturbative calculations, the integration over ( is done by the saddle point method
and we do not have to specify these limits. This operator can be identified with the
creation operator of the ZZ-brane. 1(l) in the exponent in V({) has the effect of generating
boundaries on the worldsheet with exactly the same weight as that for the boundary state
of the ZZ-brane. Moreover one can see that the solitonic operator increases the number of
the eigenvalues of the matrix for the matrix model, by one.

The calculations above are quite analogous to the ones in 2D free boson theory. 1, 11
and T'(I) can be compared to the oscillator modes of the boson and its energy-momentum
tensor respectively. V(() should correspond to the vertex operator with conformal weight
1. The condition that the right hand side of eq. (B.7) be a total derivative fixes the overall
factor in the exponent of V(¢). Actually, from this condition alone, there exists another
choice for V(¢) which is

exp <—gs /O h dzeaw(n) exp (f /O h #é%m) . (2.9)

This operator should correspond to the ghost D-brane.

What we would like to do in this paper is to generalize the above construction to critical
strings. Since the solitonic operator V(¢) generates boundaries on the worldsheet, we should
use the creation and annihilation operators of the critical strings whose wave functions are
proportional to the boundary states, in place of ¢! and 1 in the above construction. In
ref. [1J], it was shown that the boundary states | B) satisfy the idempotency equation

|B) * |B) o |B), (2.10)

where * denotes the product corresponding to a light-cone gauge type three string ver-
tex. This equation implies that in the joining-splitting interaction for the strings whose
wave function is proportional to the boundary states, what matter are only their lengths.
Therefore the three string vertex for such states is essentially the same as the one in the
Hamiltonian (R.2) for noncritical strings. Hence it seems likely that the above construction

works also for some string field theory of critical strings.

3. OSp invariant string field theory

The string field theory we consider in this paper is the OSp invariant string field theory [d,
[[]. In order to fix the notations used in this paper, let us recapitulate the formulation of
this theory.

OSp extension. Siegel’s procedure [[] for covariantizing the light-cone gauge string field
theory [[[0, [[§][[§] is to replace the O(24) transverse vector X by the OSp(25,1|2) vector

XM = <,/%X“,C, C’), where X#* = (X% X*,X~) are Grassmann even and the ghost



fields C' and C are Grassmann odd. The metric of the O.Sp(25,1]2) vector space is

c C
. Nuv _ _MN
NMN = =0 . (3.1)
C 0 —2
¢ i 0
The Euclidean action is
1
= / drdod, XM 0" X Nyun (3.2)

where (7,0) denote the coordinates on the cylinder worldsheet. One has the mode expan-
sion

[of 1 . .
XH(1,0) = ot — oiph't + i % Z - <a¢fe*"(7+w) + dﬁefn(wa)) ,
n#0

1 y .
C(T,O') = Cy + 2imgT — @ E — <,yne—n(7'+w) +’?n6_n(7_w)) ’
n
n#0

_ _ 1 . - .
C(r,0) = Co = 2imor +1i »_ — <%e‘"(7+“’> + f*yne‘"(T‘“”) . (3.3)
n#0 "
The nonvanishing canonical commutation relations are
[z, p" ] =g, [af, o] = nn™0namo 60, an] = " gm0

{CO7ﬁO} =1 ) {6’07770} =1 ; {’Ynf?m} = in(sn-‘,-m,o ; {:Ym’:Ym} = in(sn-‘,-m,o (34)

for n # 0. We also use

- [ - -
ag = 6y = Ep“, Y0 =% =70, 7 =

The Hilbert space for the string consists of the Fock space of the oscillators and the wave

0= o - (35)

I

function for the zero modes. We take the wave function to be a function of p*, o, g, 7o, i.€.
we take the momentum representation for the zero modes. Here o denotes the string length,
which is a variable characteristic of the string field theories with the joining-splitting inter-
actions. In the momentum representation, the vacuum state |0) in the first quantization is
defined by

apl0) =apl0) =0, 7l0) =9[0) =0, al0) =7,/0)=0  forn>0,

210y =i 0) =0, Colo)

_ 0
o _8—7?0’(»_0’ Col0) = 5—[0) =0,

oo
0



The integration measure for the zero modes of the r-th string is written as
dr = (2n) " a,da,.d*5p, idﬁ((]r)dﬂ'((]r) . (3.7)

The BRST charge is defined [[7, [§ as

Co ~ .0
= 0o+ Fg—2) —ime—
QB 2@( 0o+ Lo—2) imo 5~
. o0 ~ z z ~
? ’anLn —L_nvn V*nLn - Lfn’)/n
hd 3.8
+= n§:1 < - + - : (3.8)

where L,, and L, (n € Z) are the Virasoro generators defined as

1 ) _
L, = Zg <§04Z+m04—m,u + Z'Yn+m’Y—m> e

m

- 1._ - . ~
L, = ZS <§04Z+m04m,u + 17n+m7_m> S. (3.9)

m

Here ¢ ¢ means the normal ordering of the oscillators in which the non-negative modes
should be moved to the right of the negative modes. The BRST charge (B.§) is nilpotent:

(@p)* = 0.

The reflector The reflector is defined as

(R(1,2)| = drc(1,2) 120] 202 * , (3.10)
aq
where
12(0] = «0[(0] ,
1
E(1,2) = _Zl - < ML) N@) 4 MO g g@)) IMN
SLe(1,2) = i(2m) %5 (0n + a2)62 (py + po) (7Y + 727l + 7Py (3.11)
with
Oé,]y = (alrt’ _Wnaﬁ/n) ) 6‘% = (dﬁ’ _r?n,%/n) . (312)
We also introduce 1
IR(1,2)) = 6LC(1,2)a—eET(1’2)|0>12 . (3.13)
1

The reflector (R(1,2)| satisfies

(R(1,2)| (a1 + a2) = 0, (R(1,2)] (x“(l) _ x“(2)> —0,
| (C(l 0(2 >

(R(1,2)] <an (1 4 ayp)

. (R(1,2)] (Cé” - 6(2)> =0

0, (R(L2)| (a)®+a%P) =0 forvnez. (3.14)

n



This yields
<R(172)!( Y+ QY ) (3.15)

|R(1,2)) satisfies similar identities.
The BPZ conjugate (®| of |®) is defined as

(B2 (LD -28) =0, (RO,2) (LD -1L%) =0 forvnez

AP :/dl (R(1,2)|®); . (3.16)
From the definitions, we have
/d1d2 (R(1,2)|®), W)y = —(—1)I2¥I /d1d2 (R(1,2)|®);|®) (3.17)
and
/dl {DIR(1,2)) = |B)s | (3.18)

where (—1)®! denotes the Grassmann parity of the string field ®. Thus (R(1,2)| can be
considered as the symplectic form for the string fields and |R(1,2)) is its inverse.

The three string vertex. The three string vertex is given by

|u(1,2,3)?
10203

3
1,2,3)|?
= i5(1,2,3) 125(0[eP1:23) (r) &) c(pr)P ’“(7 3.19
(1,2,3) 125(0["" <Z7T Szlﬂo (pr)Pras = (3.19)

where p; denotes the interaction point and
123(0] = 1(0] (0] (0] ,
2m ~
dO o7 _7
Piaz = PiP2P3, Pr =/ 2—ew<L° Lo ) ,
0 T

3 3 3 3
uo(L,2,3) = i(2m)? 6% (Zm) 6 (Z as> (Zﬁér@) (ngs») ,
r=1 r—1 ]

(V3(1,2,3)] = drc(1,2,3) 12300/eZE2DC (o) Pros

3 3
6(1,2,3) = (2m)*" 6% (Zm) 5 <Z as> ,
=1

EL23) = Y YT, < 0, )+ in5® + 1au() (3)+w,8’"’7§,3> ,

n,m>0 7,8

3 3
. 1 .
w(1,2,3) = exp <—7’0 g 1 Oé_r) , To= El oy In |ay| . (3.20)
r= r—=

Here N/ denote the Neumann coefficients associated with the joining-splitting type of

three string interaction [I0][F, [[q.3

3 Although the Neumann coefficients in the anti-holomorphic sector are complex conjugate to those in
the holomorphic sector in general, one may choose the Neumann coefficients for the three string vertex to
be real because of the SL(2,C) invariance on the worldsheet.



By using the three string vertex (B.19), the *-product ® * ¥ of two arbitrary closed
string fields ® and V¥ is defined by

B * W), = /d1d2d3 (V3(1,2,3) @), |¥), |R(3,4)) . (3.21)

The *-product has following properties,

Qp (® % ¥) = (Qp®) + ¥ + (—1)1®® « (Qp¥) ,
((I)l k <1>2) k ‘1)3 —|— (—1)|q>1|(‘¢2|+‘¢3|) (‘1)2 k (1)3) k (I)l
+ (=) 2P H®2) (Hy 5 1) 5 Dy =0 . (3.22)

The first equation is equivalent to

(V3(1,2,3) \ZQ(” (3.23)

and the second one is known as the Jacobi identity.

String field action The action of the OSp invariant string field theory is directly given
by the OSp extension from that of the light-cone gauge string field theory. This takes the

5= [

form

1 0 LY+ I® _o
§/d1d2 (R(1,2) |®), (%5 -2 —0 D),

3
—/d1d2d3 V3(1,2,3 <Z >|<1> 1|®) |c1>>] : (3.24)

where t denotes the proper time. The string field ® is taken to be Grassmann even and
subject to the level matching condition P® = ®. Note that in the interaction term the
three string vertex (V3(1,2,3)| is multiplied by the factor $.° =1 _(T). This manipulation
removes C(py) from the vertex (V3(1,2,3)], i.e.

(V4(1,2,3)| = (15(1,2,3)| Zw = 01.c(1,2,3) 125(0]e” 1273>73123M (3.25)
0 10203
The action (B.24) is invariant under the BRST transformation
B =QP+ g2+, (3.26)

where the *-product is defined in eq. (B:21)). The nilpotency of the BRST transforma-
tion (B.26) is assured by the nilpotency of Qp and egs. (B.29). One can readily show that
the action (B-24) is invariant under the BRST transformation (-26) by using the nilpotency
of the BRST transformation ([8.26) and the fact that the action (B.24) can be expressed as

S = /dt[ /d1d2 (1,2)]<I>>1i%\<1>>2+53 (/d1d2<R(1,2)\q>>m52>y<1>>2>] . (3.27)



In this string field theory, C' and C' play the role of the b, ¢ ghost in the usual theory.
Indeed with the following identifications

, T .1
Vo = ANACH 5 Y = ANACH 5 Y = —bn Y = —bn,
(0% (0%
1
Co=2act , To=—b 3.98
b=2acf . =50 (3.28)

with n # 0, @p becomes almost the same as the usual first-quantized BRST operator.
Perturbative calculations can be done in a way similar to the one for the light-cone gauge
string field theory. In the canonical quantization, we should think of the components of |®)
with positive a as annihilation operators and those with negative « as creation operators.
The prescription for how to treat the physical on-shell states was given by ref. ]4, and a
proof was given to the fact that the S-matrix elements calculated using this theory coincide
with those of the light-cone gauge string field theory.

Before concluding this section, one comment is in order. In refs.[Id, ROJ[[LT, BRI, gauge
invariant actions were proposed and it was shown that the OSp invariant theory can be
obtained from them after gauge fixing. Unfortunately the BRST transformations which
originate from these covariantized light-cone string field theories coincide with eq. (B.24)
only for on-shell states. In this paper, we should deal with the boundary states which are
off-shell, and consider eq. (3.24) as the BRST transformation. The origin of this BRST
transformation eq. (B.26) may be understood by considering this system in terms of the
BFV formalism. In principle, looking at the BRST transformation itself, one can read off
the constraints from which the BRST transformation is constructed.

4. Boundary state and string field

In order to construct solitonic operators in the way mentioned at the end of section P, we
should study the boundary states in the OSp invariant theory and identify the creation
and annihilation operators corresponding to such states. A problem is that the boundary
states are not normalizable. We will introduce a BRST invariant regularization and define
normalizable states proportional to the boundary states.

In what follows, we consider the toroidally compactified space-time characterized by
Xt~ XF4+27RP (u=0,1,...,25) to regularize the infrared divergence. In this situation,
the zero modes of the matter sector are modified because of the momentum quantization
and the windings. We briefly summarize the notations for the zero-mode part of the
toroidally compactified matter sector.

The zero-mode part of X*(7,0) takes the form

/
XH(r,0) =zh + o (—ip'T + ¢"o) =2 + 2k — i% (i nw+pnw) , (4.1)

zero-mode

where w and w are complex coordinates on the cylinder worldsheet defined as w = ™%
and @ = e"7%. The center-of-mass momentum p* is quantized and ¢* is related to the

“While the author of ref. [E] gives the prescription in the context of the gauge invariant covariantized
light-cone string field theory, his prescription is applicable to the OSp invariant string field theory as well.



winding number w* as follows:

nt Rttt
g _ -
P= g 4 o el (4.2)
x’z r and pZ  are defined as
po_ po_ _ 2 e (2 + e
zy =2+, pp=ptqg= w0 = g o ;
2 n*  RHtwH
po_o o A (B
Pr=p—q=\/a (Rﬂ ~ > . (4.3)

They obey the canonical commutation relations: [CE'Z, pﬂ = [ﬂ:’é, p”R} = ", otherwise
vanishing. Thus the zero-mode sector consists of two canonical pairs. For later use, we
introduce a new variable yfj = 2/ — x’é and we choose the basis of the zero-mode phase
space to be {xf,yl;p",¢*}. They satisfy [z}, p”] = [yh, ¢"] = in*”. Because of the
quantization ([.2) of ¢, the range in which y/ (conjugate to ¢*) varies is finite as well as
that of xg :

2o

R~
Let |2#) and |y*) be the eigenstates of the operators =} and y{ with eigenvalues z* and y“

0<ap <27RM, 0<yy<

(4.4)

Let |n*) and |w*) be the eigenstates of the operators p# and ¢* with eigenvalues p* = &=

RH
and gt = RZ‘,”“. We normalize these states as follows:
(a]at) =0 (2" =) . (") =0 (" —y")
<n’” In*) = Sy pu <w/“ [wh) = Sy (4.5)
It follows from eqs. ([£4) and (fL5) that
“w
uy ™ k) "y B [y 4.6
) = e S ) L ) = ST ) 4

nHeZ wHEZ,

In accordance with the modification above, the momentum dependent parts of the
integration measure for the zero modes, the reflector (R(1,2)| and the three string vertex
(V3(1,2,3)| are respectively replaced as follows:

d26p
measure : /W H (Z Z) (4.7)

= nteZ wHeZ
25
(R(1,2)] = (2m)*6*(p1 + p2) — H (5n‘f+n§,05w‘f+w‘2‘,0) )
©=0
25 A
(Va(1,2,3)] = (2m)296% (p1 +po + p3) — [T (Gugsuvms 00et s rug) €770
pn=0

In the last equation, the cocycle factor e~ (®3¥2—11%1) jg necessary for the Jacobi identity

to be satisfied 29, BJ]. (See also the second paper in ref. [P4].)

,10,



4.1 Boundary state

We consider the situation in which the Dp-branes extend in the xz* directions with u =
0,1,...,p. We refer to these directions as the Neumann directions and denote them by x*
(1 € N). We refer to the directions transverse to the D-branes as the Dirichlet directions
and denote them by z' (i € D). In the first quantized approach to the closed string, the
D-brane is described by the boundary state.

The boundary state in the matter sector ‘BX > is expressed as the direct product of
those for the Neumann and the Dirichlet sectors:

)= ) ol

(i z)

(87‘(’ Ck 4 ey,
26—(p+1)
27720/ o0 i
1B ) = %H il Y e s Oni nibyio | 10) . (4.8)
1€D A=y

where Vv and Vp are respectively the volumes of the Neumann and the Dirichlet directions,
ie. W =[] ex (2nR") and Vb = [[;cp (27 R"). We notice that the zero-mode part of the
state | B ) is (n# [n” = 0) ® (w [y* = 0) and that of the state |Bf} ) is (n’|2*) @ (v’ [u’ = 0),
modulo normalization constants. In the following, we restrict ourselves to the case in which
Dp-branes are located at z* = 0.

Let us turn to the ghost sector. We require that the Dirichlet boundary condition
should be satisfied by the ghost fields C(7,0) and C(7,0) at 7 = 0 on the boundary state:

C(0,0) (th> 0, C(0,0) (th> ~0. (4.9)
In terms of the oscillation modes, these conditions read
Co|BEY =0, Gy (th> —0,
(= Fn) [BE) =0, (5 = 5_) | BE) = 0 (4.10)

for Vn € Z.°> They coincide with the usual boundary conditions for the b, ¢ ghosts assuming
eq. (B:29). This implies that the boundary state |th> is proportional to the state

|BEY) = eXnt i (1T -ntFnion) |0y | (4.11)
Let us define |By) as
h
|Bo) =N |BY)® |B§") , (4.12)
where N is an arbitrary normalization constant. In what follows, we refer to this state as a

boundary state. Since the string field should have o dependence, we need an « dependent
version of the boundary state. Let us define |By(l)) as

[Bo(l)) = |Bo) d(a = 1) , (4.13)

where the parameter [ is an eigenvalue of «, i.e. a|By(l)) =1 |By(l)).

®While the n = 0 case of eq. () is not derived from eq. (@), it holds automatically by definition of
(70,%0) and (Jo0,%0)-

— 11 —
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Figure 1: (a) The inner product (® |By). (b) The inner product (®|Bg)°.

4.2 Regularization

The boundary state ([l.19) is not normalizable. We need therefore regularize the divergence
of the norm of this state, in order to treat it as a string field in string field theory. For this
purpose we introduce a regularized boundary state |By)¢ by attaching a stub to the state
|Bo) as depicted in figure [I):

€
[

|Bo)€ = ¢ ol (Lotlo=2) gy (4.14)

A similar regularization is necessary even for on-shell physical states[[L]]. This is a BRST

invariant regularization® because e_W(LmLLO_Q) commutes with the BRST charge Qg,

which can be seen from

{QB, 2¢emp} = g <L0 + f/(] - 2> . (4.15)
A subtlety seems to occur at a = 0, because « appears in the form of the absolute value.
As is usual in a light-cone formalism, we will exclude the modes with || < § with some
small § from the spectrum. As we will see, this corresponds to an infrared cut-off on the
worldsheet. We will study the theory perturbatively. Therefore we will keep the most
dominant contributions in the limit € — 0 at each order in g, in the following.

We regularize the state (f.13) accordingly:
(Bo())* = | Bo) (e — 1) (4.16)

Let us consider the inner product

/ dr <(Bo(l) | Bo(l') )¢ = / drds (R(s,r)|Bo(1))¢ | Bo(1))" (4.17)

where dr and ds denote the integration measures for the zero modes defined in eq. (B.7).
Eq. (17) becomes the cylinder amplitude of a closed string with a fixed circumference 27

propagating through a very short proper time % After the modular transformation for

5For BRST invariance, one may also use € (Lo + f/o — 2imoTo — 2) instead of g (Lo + f/o — 2) because

{Qs, 2¢camo} =€ (Lo + Lo — 2imoTo — 2) .

This regularization however does not work for our purpose. See the comment at the end of this subsection.
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the non-zero mode part and the Poisson resummation for the zero-mode part, we obtain
2]y 1

/dr (Bo(l) | Bo(l") >: e [Hg:l <1 - ﬂilmﬂ )

2

XIIIEje—%ﬁﬁ%W1 LS | )

HEN LwreZ i€D |nicZ

. I =2l - . .
The dominant contribution e ¢« in the limit € — 0 originates from the propagation of the

open string tachyon in the dual channel. We introduce the state [n(l)) defined as
2
[n(1)) = [Bo(1)) e % ' . (4.19)
From eq. (4.1§), we find that

/ dre(n(@n(l)), = (W + 0 (e2) ) 160 +1) (4.20)

Thus the state |n(l)) is normalizable.
A comment is in order. Naively speaking

/dr +(Bo(l) | Bo(l')), =0, (4.21)

because the wave function for |By(l)) lacks factors of 7y and 7. However in eq. ({.17),

— 5 (Lo+Lo—2 . s .
e faf (Lo +L0-2) provides these and we get a nonvanishing answer for the inner product.

4.3 An expansion of the string field

Now let us define the creation and annihilation operators of the closed strings whose wave
functions are proportional to the boundary states. The states {|n(l)),|n(—0))} with [ >0
are normalizable as stated above and the inner products ({.2()) among them are non-
degenerate. This enables us to choose a complete basis of the Hilbert space which consists
of these states and their orthogonal complement. Taking also the states 7y |n(l)) into
account, we can expand |®) as

\@:Afﬂmmwm+mmmmm+mvmmn+mmvmﬂn+~y (4:22)

where ‘- --” denotes the contributions from the other states. The wave functions ¢(1), ¢(1),
x(1), x(1) etc. are the fields to be quantized in the second quantization.” ¢(I) and ¢(I) can
be considered as the annihilation and creation operators for the closed strings corresponding
to the boundary state. Let us divide |®) into the creation and annihilation parts as follows:

@) = [) + [¥)
) = [t ln0) 60) + 7m0} 60+

9= [ @[ Int-=0) 60) + moln(-0) x) +-+-] (1.23)

"The wave functions ¢(I) etc. depend on the proper time t: ¢(t,1). We suppress the proper time in the
arguments for simplicity.
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The string field |®) satisfies the reality condition:
(Pne| = (2] , (4.24)

where (@] = (|®))" denotes the hermitian conjugate of |®), and (®| denotes the BPZ
conjugate of |®) defined in eq. (B.1€), respectively. Since the BPZ conjugation flips the
sign of the string length «, the reality condition (f1.24) implies that

(nel = (&| ,  (tne| = (¥ . (4.25)
Combined with the relation
(n(Dne| = (n(=0)| , (4.26)
eq. (f£.29) leads to
o) =o(1), x'(1)=x() (4.27)

The BRST transformations ég¢(l) and ép¢(l) for the component fields ¢(1) and ¢(1)
can be calculated from eq. (B.26). Considering the idempotency equations [[J] satisfied by
the boundary states, we expect that the nonlinear terms in the transformation takes a very
simple form. Indeed we obtain

63 7T2 l
o) = S (54 30) ax) - [ annG - o)
— /000 dly (1 + 1) XU+ 1)e() + x (1)l + 1))

+ .- ,

e - 72 ! -
Sl = - e (545 ) (x)+ [ dnn@ - wxaia - )

+ /0 Tl L+ )[R0+ D)) + xS+ )]
4, (4.28)

where

-
w

1 (271'2 O/) 2 VN

=/ —. 4.29
43 (47‘(‘20/)% Vb (4.29)

The derivation of eq. ([.2§) is presented in Appendix [Al. As is intuitively clear, a boundary
state split into two makes two boundary states and two boundary states joined together
makes a boundary state. Such contributions are written explicitly in eq. (£2§). However,
a boundary state joined to a different state makes a state different from the boundary
state. Such contributions are denoted by ‘---’. Notice that each term in ‘---’ should be a

product of one annihilation operator other than ¢(l), x(I) and one creation operator other

than ¢(1), x(1).
5. Solitonic operators

In this section, we will construct solitonic operators made from the ¢ and ¢ and study their
properties.
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5.1 Canonical quantization

Let us canonically quantize the string fields defined in eq. ([29) first. The kinetic term of
the action (B.24) can be written as

@ 7@ _
Sy = %/dt/d1d2 (R(1,2) |®), (i% - M) D),

Q2
(o LY +IP -2
= /dt/dldQ(R(1,2) |4, (za - Hg—;) |1)s
(o LY +IP -2
- /dt/d22<¢| <Z§ - “a—;)> )y - (5.1)

In the same way as was performed in the light-cone string field theory [[I0], [[6], we obtain
the canonical commutation relation

), s ()] =1(rs) & [l0),,|0),] = IR(r,s)) (5.2)
where I(r, s) is defined as
I(r,s) = /du (R(u, s) |R(r,u)) . (5.3)

I(r,s) serves as the identity operator. In fact, the following relations hold for an arbitrary
string field | ),

/ds[(r, s) W), =|T), , /dr,n(\I/]I(r, s) = (0| . (5.4)
Multiplying the second equation in eq. (5.2) by [ dr{n(—1,)| [ ds «(n(ls)| from the left, we
have
- 1
[¢(lr)a ¢(l8):| = Wé(lr - ls) . (5'5)

One can also derive this commutation relation directly from the action (f.1) expressed in

terms of the component fields:

SK:N2/dt/Ooodlz¢(1)iag—ff)+--- . (5.6)
The vacuum state |0 in the second quantization is defined by
)oY =0, (OKy|=0. (5.7)
This yields
¢DI0) =x(D[o) =0,  (0l¢(l) = (Olx()) =0,  forl>0. (5.8)

We take the normalization of the vacuum state |0)) as ((0/0)) = 1.
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5.2 Solitonic states

The right hand sides of eq. (£.2§) look quite like those of eq. (P-). Indeed if we replace

oo 63
[g%/o dil'e(")T(I'), - | — 49(5\/ o),
ﬁwm — (), ﬁfw(l) — o), ) =x(0), (59)

in eq. (R.§), we get exactly the nonlinear terms involving () on the right hand sides of
eq. (E2§). Moreover the commutation relation (R.1]) becomes eq. (b.§) by such replace-
ments. Therefore we expect that operators in the following form can be used to construct

BRST invariant operators:
exp [:I:\/i/\/ /000 dl eaq_ﬁ(l)} exp [:F\/ij\/ /000 dl ea/gb(l/)} . (5.10)
Taking the linear terms on the right hand sides of eq. (.2§) into account, we define
V(¢) = Aexp [i\/i/\//ooo dl e%(n] exp {:F\/i/\//ooo dl’ ealqﬁ(l')} ei%(<+3—3>2(5.11)

where X is a constant. Actually we cannot make BRST invariant operators from V(().
Rather we will show that we can construct BRST invariant states by acting [ d¢V(¢) on
the vacuum |0)).

As a warm-up, let us show that

D) = [ dcv©op)
o0 . CEQ 7.(.2 2
- )\/dCexp ix/i/\//o dle Cl(b(l)i\/_—Qg <g+ 5 > ] |0)) (5.12)

€
is BRST invariant:

og|D)) =0. (5.13)
The BRST transformation can be calculated by using eq. (£.29) as

4(;’\6/ 5 <j:\/_/\ff0 dl =1 >|0>>

g
Ce2\/2 [ o w2
_Cl _
= dle <_az+_26>(l"(l))

00 !
i\/i/\// dleCl/ diy L (L—=1)x() el — 1)
/ dl/ dly e~ ST (4 1)y (z+z1)] GEVIN 5 e 30) 00 (5.14)

Here we have used ¢(1)[0) = x(1)[0) = 0 and the fact that -’ in eq. (£.2§) does not
contribute because it includes annihilation operators other than ¢. It is useful to introduce

the Laplace transforms 5(() and x(¢) of ¢(I) and y(I) defined as

Ry Tae i, w0 = /O T ale Sy | (5.15)

0
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The following identities hold,

e _ o 7w _ 72\ 0 .
/0 dle¢ (81 + 2—6> (Ix(1) = (C + ) 8—CX(C)
! T 9%(¢) 99(¢)
o=l _ 1) = X 996)
/0 dl /0 dlq ll(l ll)X(ll)(b(l ll) 8C 8C )

/ Tl / Tl e @+ )R+ ) = Q) (5.16)
0 0

Combining these relations with eq. (5.14)), we obtain

403 R Ce? 72\ ?
o 0B <exp i\/i/\//o dle 'o(l) £ NGT <C+2_e> ]) |0

:gc(@ggo exp | £VAN [Tt 0) = 25 (¢ 7 ]) 0) . 617

Taking eq. (p.12) into account, we find that this equation implies the BRST invariance
(5.13) of the state |D)).

|D)) can be considered as a state in which D-branes are excited. Actually as we will

see in the next subsection, two D-branes are there. In order to have more D-branes, we
just have to operate [ d(V(¢) successively on the vacuum |0)), namely we construct states

< / d<V<<)>n o) | (5.18)

for n > 0. They are BRST invariant because [d¢V(¢) is BRST invariant modulo terms
which annihilate the states ([ d¢V(¢))"|0)), n > 0. This can be seen as follows. Under the
BRST transformation ({.2§), V(¢) transforms as

ACé? 9 [(ox(&) ax(Q) 2v/2C¢* 9x(¢)
a0 = g (B - ) v + (i 20 X +> VO . (519)
where ‘- -’ denotes the terms which includes annihilation operators other than ¢(1), and

#(¢) and x(¢) are the Laplace transforms of ¢(I) and x(I) defined as
0= [ a0 = [T (520)
We can prove eq. (b.19) with the help of the relation
/OOO die™¢! /OO dly 1 (14 1) x (1) o1+ 1y)

B ag ag /dl/ diy el (14 h)x(U+ 1)o(h) - (5.21)

The terms in the parenthesis () in the second term on the right hand side of eq.
(b.19) commute with V(¢) and annihilate |0)). Thus we find that the states of the form
(J d¢v(¢))"|0)) are BRST invariant.
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5.3 Vacuum amplitude

In order to compare our description of D-branes constructed above with the usual one, let
us compute the vacuum amplitude in the presence of D-branes in our formalism. Since |D))
is considered as a state with some D-branes excited, the vacuum amplitude in the presence

of D-branes can be given as A
lim (D|e" | DY) | (5.22)
T—o00

where H is the second-quantized Hamiltonian. Notice that the time variable in the OSp
invariant string field theory is not the physical time but with “topological” nature because
the Hamiltonian H is BRST exact. This can be seen from the expression (B:27). Therefore
<<D|e_iTH |D)) can be transformed into a form which is independent of the value of T'. By
comparing ((D|e_’ATH | D)) with the usual vacuum amplitude, we can see how many D-branes
are there in the state |D)).

In order to do so, let us first perform the integration over ¢ in eq. () Perturbatively

the factor ,
2 2
\Cfg <<+ u ) ] (5.23)

in the integrand in eq. (f.19) is the most dominant. Therefore, through the saddle point
approximation we obtain

exp

DY) ~ N exp [i\/i/\/ / h dleélé(l)} o) (5.24)
0
where \ = :F‘gg;g)\. One can find that
_ 2 1 2
¢a>exl:-—xai/dre% An()19),
1 — 1 1 -
=~ [ TBOI) = 55 [ dr 0B (5.25)

Plugging this relation into eq. (5.24), we obtain the expression of the state |D)) in terms
of the string state |¢)) and |By(l))¢ as follows:

/dr/ a f {51 Bo()

7‘,2
Note that the divergent factor e2< (I > 0) is miraculously canceled by the regularization

|IDY)) = X exp |0)) . (5.26)

2
factor e~ % ! in |n(1)) and we can express |D)) in terms of |By(l)).
Now let us evaluate (D|e~*"H|D)). Perturbatively the lowest order contribution can
be obtained by replacing the Hamiltonian H with its free part Hy. Substituting

e far [TUL i )\w>]

(r) | 7(r)
o = / ar i B =2 (5.27)

Qyr

(DI = N0l exp
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into the expression and using the commutation relation (f.9), we find that

(Dle~ 0| D))

= e [ 5 far [T S sma-oion e Lo [T i) o
)y

dl [ dl' - ”+L '
= [N exp [/W/o 7/0 /dr (Bo(— T 1Bo(1))¢ (5.28)
Here we have used the relation
: L 4 B o
(0l £(Bo(=1) | ¥),. Ho = (0] 5.(Bo(—1)| —L—1[9),. , (5.29)

Qy

which follows from eq. (p.9).

The quantity in the exponent of eq. (p.2§) should be compared with the cylinder
amplitude in the usual formulation. After the integrations over «, my, Tp and I’, we obtain

/OOO iy, = /jd(%) . (5.30)

Since T is fixed, this is exactly the integration over the parameter in front of Lo + Lo — 2.

the integration measure for [ as

Therefore the integration over [ is transformed into the one for the moduli parameter of
the cylinder and the result is in a form which is independent of the value of T. The overlap
between the boundary states in the exponent on the right hand side of eq. (5.2§) can readily

be obtained from eq. ([.1§) by replacing € in eq. ({.1§) by i7/2. Introducing 7/ = —le,,

we obtain

(D]e=TMo| D))

e o[ (S I (e

pneEN \mezZ i€D \n€Z

Notice that the arbitrary normalization constant N does not appear in this final answer.
We can see that the exponent of eq. (5.31]) reproduces four times the annulus amplitude
for one D-brane. This result implies that |D)) is the state in which two D-branes or ghost
D-branes are excited. Since ¢ generates boundaries on the worldsheet, depending on which
sign in eq. (b.11)) is chosen, D-branes or ghost D-branes are excited. Similar calculations
yield that [ d¢V(¢) creates two D-branes or ghost D-branes.

In this subsection, we have shown that the cylinder amplitudes for D-branes are re-
produced in our formulation. What is remarkable is that the integration measure for the
moduli of the cylinder appear from the integration over the length of the string. It would
be an intriguing problem to check if the integration measures for the higher genus graphs
appear in a similar way.
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6. Discussions

In this paper, we have constructed solitonic operators which create D-branes. Although
we started from the nonnormalizable state ({.12), the divergent factors cancel with each
other and the cylinder amplitude is reproduced. The cancellation occurred because of the

2
els << + 72r_§> } in V(¢). It originates from the term —imyd, in the BRST

factor exp

V2g
charge (B.§). This term is peculiar to the OSp invariant theory and it seems that our

construction works only for this theory. The exponent of the exponential factor we are
discussing may be interpreted as the potential for the open string tachyon. Indeed (
appears in the form of exp(—(l) in front of ¢(I) and can be considered as a constant
tachyon background. It will be useful to interpret various quantities in our construction in
terms of open string language using for example the methods in ref. [RJ].

In our construction, we do not describe D-branes as solutions of equations of motion.
Rather we construct the solitonic operator [ d¢{V(¢), where the form of V(¢) looks quite
like the bosonization formula. Another way to look at our results is as follows. We may
write

> dl -  dl - _
| Femln), = [ B9, =83, . (0.
0 —00
by introducing the state |B)“ defined as

|B) = |Bo)* (6.2)

QI

This yields

DY) = X exp o) - (6.3)

37 [ars(B]9),

The state |B)© is regarded as a regularized version of the state |B) = |By) 1. We find that
the states |B) and |B)® are annihilated by the BRST charge Qp:

Qp|B)=Qp|B)=0. (6.4)

We can extend eq. (6.3) by including the dependence on the annihilation modes [t) into

\/5 €
57 [ i),

where : : means the normal ordering in which the annihilation mode [¢) should be moved

|ID)) =\ :exp |0y, (6.5)

to the right of the creation mode [¢)). Taking account of the relation (f.4), we notice that
the exponent of eq. (.§) takes a form quite similar to the interaction term of a closed
string with a D-brane introduced by ref. [f] into the action of the HIKKO closed string
field theory P€]. Therefore we can say that D-branes are introduced as a source of closed
strings.

As we mentioned, we should introduce a cut-off § so that |al,|l| > 0. Since [ works as
a moduli, this cut-off will remove the singularity occurring in the limit where a part of the
worldsheet becomes a very long cylinder. Therefore every equation in this paper should
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be understood with such a cut-off being introduced. In the first relation in eq. (p.16), we

have ignored the contribution from the boundary term e_al)z(l)‘ . Due to the cut-off,
we should take care of the contribution of the boundary term neé;rol = 0, which violates
the BRST invariance of the state |D)). We should therefore employ the Fischler-Susskind
mechanism [R7], in order to remedy the violation of the BRST invariance. This modifies the
equations of motion for light states of closed string. This is also consistent with the picture
of the D-brane as a source of closed strings. Our treatment in section ] is perturbative and
ignores such higher order effects.

There are several problems that remain to be studied. One immediate question is why
our solitonic operators create two D-branes or ghost D-branes. We are not sure if there
exist operators which create one D-brane or ghost D-brane. It will be an intriguing problem
to look for such operators. In this paper, we have not fixed the sign in the exponents of
egs. (b.11) and (f.13). From the calculation (f.31]), one can find that if the state |D))
with one sign is identified with ordinary D-branes, the state with the other sign should be

identified with ghost D-branes [[l4]. To determine which sign corresponds to which will be
another interesting problem. Of course, our results should be generalized to the superstring
case. In order to do so, we should first construct the OSp invariant theory for superstrings.
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A. Derivation of eq. (E28)

In this appendix, we provide some details of the calculation to get eq. (4.2§) from the BRST
transformation (B.26) for the string field |®) given in eq. ({.22). For later convenience, we
introduce the notation

2o J o) forl>0 on Jx(l) forl>0
o) = {gE(—z) fori<o * XD= {;z(—z) for | <0 ° (A1)

In order to get dp¢ and dpp, we consider the inner product of (n(—1)| and eq. (B.24).
As for the left hand side of the BRST transformation, one can readily find that

N216gg(l)  for 1 >0

N216g¢(—1) for I < 0 (A4.2)

n(=l)-opd = /drr<n(—l) 0®),. = N2165g(l) = {

Let us turn to the right hand side of the BRST transformation. First, we consider the
linear term @Qp|®). Using eq. (B.13), we find that

n(-0)Qut = [ dlaRLDIn(-D)QF2),

— - [ a1a2(ra. 210 In(-Dh[@), (A.3)
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The state [n(—[)) is expressed as
,"2
n(-D)) = |BY e (o +1) (A1)

where |B)€ is the state introduced in eq. (p.2). Combined with eq. (p.4), this leads to

Quln(~1)) = Qs <|B>€ e Flad(a + z>> — 1By e F1Qp (ad(a + 1))
— |B) e 5 (— mo)%(aé(a—i—l)):]B> e 2€|l|1ﬂ0l%5(a+l). (A.5)

Substituting this equation into eq. (@), we have
2 ) 0
(=) - Qpd — —ie‘%ll/dldQ( (1.2)lni!) 6(as +1)|B); @),
= je” 2| |l/d1d2 (R(1,2) ala(al +1)|B)S 7P | @),

‘"2
_ z‘e_z_eV'l/dldQ% (RO 80 +1)[B); =2 |),)

7‘,2 — 7\,2
= z‘e%'”l/dld?% ((R(l,Q)\ Tlez‘” In(=1)), 7§ \q>>2>

On the rightest hand side in the above equation, only the 7 [n(l")) X(I') component of |®)
provides a nonvanishing contribution because of the ghost zero-mode saturation, i.e.

/d22( (-1 |7TO |®) 2—/ dl//dQ |7TO 71'0 |n >2)Z(l'). (A.7)

It is easy to show

i 2
/d%(n(—l)]wff)wff) In(t)), = l—ﬁ/d22<n(—z)\ (), _z/\i IS —1) . (AS8)
Plugging eqgs. (A.§) and (A7) into eq. (A.§), we obtain

n(-1)-Qpd
2 2
9 Ail(aﬂ)(zw)) for 1> 0
=e 2e‘”l— €2 \l\|l|_X() ol
61 N21< 7T2

ETi E) (Ix(=1) for 1 <0

. (A.9)

Second, we consider the non-linear term g |® x ®). Keeping the most dominant terms
in the limit € — 0, we find that

(=) - (@ ) = /d1d2d3d4 (Vi(1,2,3) | ), [8), 4(n(—1) |R(3,4))
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- —/d1d2d3 (V3(1,2,3)] ), |®)y|n(—1))q

d1d2d3 (Vi'(1,2,3)| C7(pr) [@), @), In(~1));

—— [ ana [ dazas (v01.2.3) [0 0AY In(i), In(l)) n(=) T)3)

—00

+00 (oA In(1), Ini2)), (1) G0 K ()]
S (A.10)
where 7 of C") can be any of 1,2,3. In going from the third line to the fourth line in the

above equation, we expand |®); 2 in terms of the complete basis defined in subsection B3

In doing so, we have used the following idempotency equations

/d3<‘/},0(1,2,3)|n(—l)>3 X /dll /dlgé(h —|—l2 —l)1<n(l1)|2<n(l2)|a11a2 s (All)
for |aq], |ag| < |I|, and
/drds(V})O(l,2,3)|n(lr)>r|n(l3)>s o (n(~l, — zs)|ait , (A.12)

where r,s,t € {1,2,3} and r > s, r # t, s # t. These equations hold in the limit ¢ — 0 and

‘---’

can be proved by using the connection conditions satisfied by (V30|. on the rightest

hand side stands for the contributions from the component fields other than ¢({) and ¥().
One can easily see that these terms include one annihilation operator other than ¢,y and
one creation operator other than ¢,y. We will ignore these contributions in the rest of
this appendix. Combining the ghost number conservation with the above arguments, we
obtain the last equality in eq. (A.10). Since we may choose an arbitrary r for C") on the
three string vertex <V})O| as mentioned above, we set » = 1 in the first term and set r = 2
in the second term on the rightest hand side in eq. ([A.1(). From the definition ({.19) of
the state|n(l)) and the fact that the field C(pr) satisfy the Dirichlet boundary condition

on the state |By), one can find that
C(pr) In(l)) = O(e) , (A.13)

and thus
C(pr) 7o n(l)) = |n(l)) + O(e) - (A.14)

This implies that in the leading order of €, eq. (A.10) becomes

n(=1l) - (@ D) (A.15)

== [ anaty [ dndzas (v90,2.3) )y @)y In(-0), (R02)302) + 50)x))
2 L;rl 3 oo . .

_ _773% %% /_Oo diydly |lsl] 6 (11 + 1y — l)% (;z(zl) (1) + ¢(z1)>z(zz)> .
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In the second equality in this equation, we have used the result obtained in Appendix [B.
We can further recast eq. (|A.15) into

n(—=I)- (¢ * )

s(rel) = Vo N
(2W2a1)§ VN 63
p+1
3 (471'20/) 2 VD ,/\/3

= g2 /="l x
T (271.20/)% W € U

!
< [@(l) { /0 dly 1y (1 — ) () — 1)

—T

[ (- )3 - )

+ /OOO diy 1y (I + l)<x(l + 1)) + x(l)e(l + 11))}
-1
+O(-1) {/o dly Ly(—1 = L)X () e(=1 — 1)
# [Tt =0 (- o) + @)t - 1) H . (A16)

where O is the step function defined as ©(z) =1 for z > 0 and = 0 for x < 0.
Combining eqgs. (A.9), (A.9) and ([A.16), we obtain eq. (£.29).

B. [d1d2d3 (Vi(1,2,3)] n(l)), [n(l2)), [n(=1)s

In this appendix, we will prove that the following relation holds in the leading order of e:

/d1d2d3<1/30(1,2,3)\ (1)) In(l2))g In(=1));

+1
1 3 (472a/) " Vp \ N3
~ — —— 1\ | = |Llld(li +12—1). B.1
2(77 (27720/)1_23 Vn 63|12|(1+2 ) (B.1)
This equation was used in eq. (JA.13) to derive eq. (f.28). Therefore, by proving eq. (B.1),

we can complete the derivation of eq. () presented in the last appendix. From the
definition ({.19), we find that we can prove the above equation by evaluating

[ dnaas (upa.2.)| Bojg 5o 5ol (B.2)

Here we have introduced the integration measure d'r for zero modes defined by removing
the a dependence from dr given in eq. (B.7):

d'r = (2r) 2 dpidzr dnl . (B.3)

The amplitude (B.2) corresponds to the string diagram described in figure B(a).

As was performed in ref. [R4], we use conformal field theory (CFT) technique to cal-
culate eq. (B.2). In the OSp invariant string theory, the ghost sector (C,C) is described
by the CFT with central charge —2. The full theory, which consists of the matter sector
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Figure 2: (a) The closed string 3-point diagram in the limit ¢ — 0. (b) The open string 4-point
diagram. (c¢) The upper half z-plane after cutting out the circle around the interaction point Z;
and semicircles around the points Z,.
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Figure 3: (a) The closed string 3-point diagram. (b) The complex z-plane after cutting out circles
around the interaction point Z; and the points Z,.

X* in addition to the ghost sector, is therefore the CFT with total central charge ¢ = 24.
Since ¢ # 0, the amplitudes of this system depend on the metric on the worldsheet. The
CFT we are dealing with consists of free bosons and fermions. Therefore the metric de-
pendence stems from the determinant of the Laplacian on the worldsheet. It can be given
by evaluating the Liouville action on the worldsheet [2§, 9.

The oscillator independent part of the three string vertex <V30\ can be considered to
be due to the contributions from the Liouville action. (V{| corresponds to the diagram
depicted in figure fJ(a). It is useful to pull this diagram (p-plane) back to the complex
z-plane (figure B(b)) through the Mandelstam mapping [[L7],

p(z) =a1ln(z — Z1) + agln(z — Z2) + asln(z — Z3) . (B.4)
We fix the SL(2,C) gauge symmetry on the worldsheet by setting Z; = 1, Zs = 0 and
Z3 = oo. The interaction point is at Z; = —g—g, where we have gg = 0. In order to avoid

the singularity at the interaction point, we cut out a small circle of radius r; around the
interaction point in the p-plane. We also cut the points corresponding to incoming and
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outgoing strings at 7 = 400 by terminating each string at 7 = 7, (r = 1,2,3). These
correspond to cutting circles out of the z-plane centered on z = Z, with small radii €,
(p=1,2,3,I), as represented in figure f(b).

Let us suppose that the p-plane is equipped with the flat metric:

op|?

ds® = dpdp = e®dzdz , ¢=1In
0z

(B.5)

We will see that (V3| is constructed to reproduce the CFT amplitudes on the p-plane
with this metric. Since the calculations are done on the z-plane, we should take care of
the Liouville action for the Liouville field ¢ in eq. (B.5), because the determinant of the

Laplacian is expressed as

1

/ / 2 a 7
In det A‘d)— In det A‘¢>=0 ~ T ise [/d 00,00 ¢+4/8M dsk:gb} , (B.6)

where s denotes the variable parametrizing the boundary of the worldsheet M; k denotes
the geodesic curvature of the boundary defined as

k= npt®Vat® | (B.7)

Ea,b

Vi

@a denotes the covariant derivative associated with the metric ds? = dzdz.

where ¢t is the unit vector tangential to the boundary while n® = tp is normal, and

The dependence of In det/A| 40 O Ep Was calculated in Appendix 11.A of ref. 29 :
, 1
In det A‘¢:O ~ =3 Zlnap , (B.8)
P

where Zp denotes the sum over all the values of I and r. By exploring the Mandelstam
mapping (B-4) near the cuts, we find that £, depend on «, as follows:

T 1
Ing, ~ —Tr—i-E (r=1,2,3), ln51~§(1n2r[—ln]c[\) , (B.9)
T
where o2 5
o=t = (B.10)
0z —z, 102

Using these results, we obtain

S QA I T
Indet’'A ~ = — 4+ — 1 . B.11
nde 6;ar+12rln]ar\ ( )

Thus we find that the determinant factor depends on «,. in the following way,

1

|a1a2a3| .

(det’A) 2 = (det'A) ™™ o |u(1,2,3) 2 (B.12)

8Eq. (@) is twice eq.(11.A.26) in ref. @] because we are dealing with the closed string case.
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This reproduces the factor appearing in the three string vertex (V| given in eq. (B.29),
except for the fact that we should take the absolute value of the factor ajasas. Thus
we see that roughly speaking, (V30| is constructed to reproduce the CFT amplitudes on
the p-plane with the metric (B.F]). Precisely speaking, sgn (ajasas) (VY| corresponds to
figure f(a)

Now we would like to calculate eq. (B.J) in the limit € — 0. For this purpose, it is
convenient to see the string diagram figure fi(a) from the point of view of the dual open
string channel. In this channel, one can regard the worldsheet as being swept by four open
strings interacting via mid-point type interaction figure f(b). In the limit € — 0, such open
strings propagate through very long proper time and thus the most dominant contribution
comes from the propagations of the open string tachyons. The propagator contributes the

factor 2
e = max(lax .ozl |as|) (B.13)

Let us evaluate the determinant of the Laplacian on the worldsheet depicted by fig-
ure P(b). The Mandelstam mapping from the upper half z-plane into the open string

4-point p°P*"-plane is
pPR(z) = o (s — 2P + o (s — Z5)
+ag™ In(z — Z5P") + a"" In(z — Z,°") . (B.14)
For the worldsheet described in figure f(b), we should choose
2
a?™ = aP" = =P = —a P = ?6 =a«. (B.15)

Let us choose Z;*" = (1,00,0,z) (r = 1,2,3,4). Here we should take x > 1 to treat the
worldsheet that we are considering. The interaction point is

ZPM =1 4+ive—1, (B.16)
open

which is a solution of —% Joven — 0. We introduce the parameter 6 defined by
=4

1 -1
cosl = — sinf = 3:

Vi Ve

In terms of 6, the interaction point is described by

(B.17)

1 .
ZpPm = el pP = poPn(ZPM) = 2a(In cos O — if) . (B.18)

cos 6
0 = Z in our case, but let us treat 8 as a free parameter in order to compare with the results

of . . In order to avoid the singularities, we excise small circles around the interaction
point and external strings, as shown in figure fl(c). We define 7.°*" accordingly. By using
the metric (B.§), we find that the moduli dependence of the determinant of the Laplacian
becomes

1
Indet’ A ~ T [/ d*00,¢0" ¢ + 4/ ds k(b] Zln eopPen 1 e
™ oM

~ iln (cvcos@sind) . (B.19)
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Here we have used

~open
In gfl)pen ~ _T{)Pen + —Oa + ln(x — 1) 5
sopen
e~ - D g
o
sopen
e ~ —rgP — L
o
sopen
In gzpen ~ _szen _ Oa —Inxz + ln(l' — 1) )
1
I 2 I P (8.20)
with
. . 3
open _ %2 _ 2iacos”
! Vr—1(1+ive—1)?  e*Psing ’
7P = 2alncosd . (B.21)

Combining eqs. (B.13) and (B.19), we find that the amplitude corresponding to the pants
diagram in the limit ¢ — 0 depends on «,., @ and 0 as

2
e%max(lallvlaﬂvlo@‘)

(B.22
a3 sin® 6 cos3 0 ( )

/d’ld’Qd'3<V30(1,2,3)\ Bo){™ " [Bo)s™ " [Bo)3™ o

In ref. [1J], the authors computed this quantity in the limit § — 0, by using the
Cremmer-Gervais identity [[§]. By comparing our result with theirs, it is straightforward
to determine the overall constant, and we obtain

/d’1d’2d’3 (V3(1,2,3)| Bo){ |Bo)s|Bo)§

ptl

s(r?al) = VD ) NP Jaraas| = ax(aal sl fas) (B.23)
(27T20/)§ VN | € ajagas

When we substitute eq. (B-29) into eq. (B.1)), the exponential factor on the right hand side

in this equation is canceled by the regularization factors efgw (r=1,2,3) in |n(l,)),.
It is because max(|ayl,|azl,|as]) = 3(Jea| + |aa| + |as]). Finally, carrying out the o
integration, we obtain eq. @)

A comment is in order. In eq. (B.), there is a factor |ljlol|. The absolute value
originates from the one in eq. (B.19). Taking the absolute value is necessary to be consistent
with

T
( / d1d2d3<%,°<1,2,3>\n<h>>1rn<zz>>zrn<z3>>3)
— [ s, 2. 9ln-t)h n(-la)sln(~1)s (B.24)

which can be easily proved.
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